In the first part of this paper we will work out a close and so far not yet noticed correspondence between the swampland approach in quantum gravity and geometric flow equations in general relativity, most notably the Ricci flow. We conjecture that following the gradient flow towards a fixed point, which is at infinite distance in the space of background metrics, is accompanied by an infinite tower of states in quantum gravity. In case of the Ricci flow, this conjecture is in accordance with the generalized distance and AdS distance conjectures, which were recently discussed in the literature, but it should also hold for more general background spaces. We argue that the entropy functionals of gradient flows provide a useful definition of the generalized distance in the space of background fields. In particular we give evidence that for the Ricci flow the distance ∆ can be defined in terms of the mean scalar curvature of the manifold, ∆ ∼ logR. For a more general gradient flow, the distance functional also depends on the string coupling constant.
Introduction
Recently the so-called swampland approach [1] [2] [3] addressed the important question of what kind of effective field theories, albeit being apparently fully consistent from the quantum field theory point of view, cannot be consistently embedded into quantum gravity. During the course of this discussion, it turned out that directions in the field space, which are associated to large field values and to weak coupling in quantum field theory, are rejected in quantum gravity in the sense that they are accompanied by an infinite tower of almost massless particles. Hence the field theory cutoff scale has to be as low as the mass scale of the tower itself and eventually becomes zero for infinite field values, where the effective field description is invalidated at all. One of the best understood examples of the swampland idea is the weak gravity conjecture [4] , stating that a U (1) gauge theory with very small gauge coupling constant is accompanied by a tower of very light states.
The swampland idea together with the infinite distance conjecture was tested in string theory in many interesting instances [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . In many cases so far one asks the question, if particular effective matter quantum field theories like effective gauge theories can be consistently coupled to quantum gravity or not. In this paper we will consider the problem, which kind of effective gravity theories belong to the swampland and which ones, on the other hand, constitute fully consistent quantum gravity theories. Previous attempts in this direction are the (refined) de Sitter conjecture [19, 20] and the quantum exclusion of de Sitter space [21] [22] [23] [24] [25] , which conjecture that quantum gravity with a positive cosmological constant is inconsistent. For anti-de Sitter space, the AdS distance conjecture [26] states that the limit of vanishing AdS cosmological constant Λ → 0 is at infinite distance in field space and hence accompanied by an infinite tower of massless states. Another example [27] , where the swampland idea was utilized within gravity, are massive spin-two theories, leading to the conjecture that the limit of very light massive spin-two particles belongs to the swampland in the sense that it is again vetoed by an infinite tower of light states.
The AdS distance conjecture is based on a specific generalization [26] of the original distance conjecture, applying it not only to internal moduli fields but also to the d-dimensional space-time metric itself. For the case of Weyl rescaling of the space-time metric the generalized distance conjecture then immediately leads to the AdS distance conjecture.
Looking at the generalized distance conjecture from a more general, geometric point of view, we will show that the definition of the distance within the space of background metrics is very closely related to mathematical flow equations in general relativity, where one follows the flow of a family of metrics with respect to a certain path in field space. The most famous example is the Ricci flow, introduced by Hamilton [28] , and subsequently investigated, among others, by Perelman [29] . In the first part of this paper we will work out the close correspondence between the generalized distance conjecture and the Ricci flow. We will first show that for curved Einstein spaces the fixed points of the Ricci flow with vanishing curvature are indeed at infinite distance in the field space with respect to a canonically defined distance, which was already used in [26] . Even more concretely, the Ricci flow in the cosmological constant Λ leads to a fixed point with zero cosmological constant, which is infinitely far away from any finite value of Λ. Using this observation we conjecture that following the Ricci flow towards a fixed point, which is at infinite distance in the background space, is accompanied by an infinite tower of states in quantum gravity. We are testing this conjecture also by several other examples. We also discuss the role of the Ricci flow in a proper string theory embedding and also for large distance "flows" in the moduli space of Calabi-Yau manifolds.
A second important point, we conjecture and give evidence for, is that the entropy functionals of the gradient flow equations provide a sensible definition for the distance and hence for corresponding masses of the tower of states along the flow. For the case of the Ricci flow, the relevant distance can be defined in terms of the scalar curvature of the background metric: ∆ ≃ log R. Considering the combined dilaton-metric flow, the corresponding grading flow is derived from the entropy functional F. As we will see F provides a good definition for the distance in the combined field space of the background metric and of the string coupling constant g s . This argument will be again augmented by an explicit example related to two-dimensional λ-deformed backgrounds [30, 31] and the two-dimensional black hole solution [32] . Finally, the entropy functional W of Perelman provides a proper definition of the distance for the Perelman flow.
The use of the geometric flow equations provides a new and more geometric understanding of the infinite distance conjecture within the swampland approach. But this connection also puts the gradient flows in mathematics into a quantum gravity perspective, in the sense that it shows that approaching infinite distance fixed points of the gradient flow the associated gravity theories always need a quantum gravity completion in the form of extra light quantum states.
In the second part of the paper we consider the generalized distance conjecture, applied for Weyl rescalings of the external space-time metric in the context of effective d-dimensional gravity theories that include higher curvature interactions. Concretely, we will argue that the associated higher curvature coupling constants exhibit an infinite distance behaviour with respect to Weyl rescalings of the d-dimensional metric. This means that whenever one of these couplings goes to zero (or infinity) an infinite tower of states becomes massless. This behaviour results entirely from an infinite distance with respect to the d-dimensional external metric and applies with no reference to any internal space. However the associated tower of massless states often originates from some extra internal compact space, like KK modes of the internal space. 1 We will also argue that already the limit of vanishing gauge coupling constants of an effective U (1) gauge theory is at infinite distance with respect to Weyl rescalings of the external metric. Then we will discuss in more detail first quadratic gravity theory with R 2 action. The weak coupling limit with respect to the R 2 coupling constant will be shown to be at infinite distance; this behaviour is shown to be equivalent to the AdS distance conjecture of the cosmological constant. Similarly, for the quadratic Weyl-square theory with W 2 action, we will see that the weak coupling limit is at infinite distance with respect to Weyl rescalings. Now this behaviour is equivalent to the spin-two swampland conjecture [27] , stating that the limit of vanishing spin-two mass is at infinite distance, being always associated with an infinite tower of light states. As we will discuss in addition, considering the W 2 -theory on an (A)dS background, one obtains a theory with a partially massless spin-two field. As already mentioned in [33] , we will also show that the Higuchi limit [34] is at infinite distance with respect to Weyl rescaling of the (A)dS metric.
2 Einstein gravity, the generalized distance conjecture and Ricci flow
The generalized distance conjecture Let us recall the generalized distance conjecture [26] : in the following we consider d-dimensional manifolds M d with metric variations g µν (τ ), where τ parametrizes a family of metrics of M d . This means that we do not apply the distance conjecture to the variations of some matter fields, like the scalar moduli of an internal Calabi-Yau manifold, but to the variations of the space-time metric itself. We consider a geodesic path γ in field space, which is parametrised by τ ranging from an initial τ i to a final τ f , so that the proper metric distance ∆ along the path is [35, 36] 
where c ∼ O(1) is a constant depending on the dimension of M . 2 Then the generalized distance conjecture states that there must be an infinite tower of states with mass scale m (τ ) such that
where α ∼ O (1) . Generically the masses m (τ i ) at the initial value τ i are of the order of the Planck mass, such that one obtains
The mass scale m is setting the natural cut-off space, above which the effective field theory description breaks down. Hence for large distance variations with |∆ g | → ∞ in the space of metrics, we get in quantum gravity a massless tower of states, which invalidates the effective field theory description. In this sense the large distance limit is said to lead to effective field theories that belong to the swampland. Besides the general notion of distance in the space of metrics, the so-called Weyl distance was especially considered in [26] . It refers to distances in metric space associated to variations of the external metric that are Weyl rescalings. Specifically, under an external Weyl variation of the external space with an exponential Weyl factor of the form
Applying the distance formula (1) to the Weyl transformed metric, or equivalently determining the canonically normalised field for measuring the distance, one gets that the metric distance with respect to Weyl rescalings is just given by the field τ :
According to the distance conjecture there is a corresponding tower of states with masses that scale as m ∼ e −ατ .
These tower of states become light in the limit ∆ g ≃ τ → ∞. Note that there is also the opposite large distance limit where ∆ g ≃ τ → −∞. In this second large distance limit it can happen that a different, dual tower of states becomes light, which scales as m ′ ∼ e ατ .
Whether there is only one or two tower of light states depends on the circumstances of the considered coupling (see also the discussion in section III).
As in [26] , we can now consider a family of (A)dS vacua parametrised by a variation of the cosmological constant Λ(τ ) from Λ i to Λ f . Specifically, under Weyl rescaling (4) the AdS cosmological constant is transforming in the following way:
It follows that the metric distance between an initial value Λ i and a final value Λ f is given as
We see that the limit Λ f → 0 is at infinite distance with respect to Weyl rescalings of the (A)dS metric, since it corresponds to the limit τ → ∞. Actually, this behaviour can then be combined with the generalised distance conjecture (6) 
where α is a positive order-one number.
Furthermore one expects that for AdS spaces that α ≥ 1/2. The same kind of distance conjecture can be also formulated for positive cosmological constant, i.e. in de Sitter space, if it exists in string theory or in quantum gravity. In fact, it was argued in [26] that for dS space the same relation between Λ and m holds, but with 0 ≤ α ≤ 1/2. 3 Formally one could also consider a "dual" infinite distance limit with τ → −∞. However this limit leads to a very large cosmological constant, Λ → ∞ in Planck units, and the associated curvature of space time is also super-Planckian. It is not clear, if a tower of light states appears in this large curvature limit. Therefore we discard this non-geometric regime for the moment, keeping τ ≥ 0, but we will come back to the limit τ → −∞ in string theory, in M-theory and also in section III, when we discuss various coupling constants.
Ricci flow and infinite distance
Let us now consider Einstein gravity on d-dimensional spaces M d and a specified family of background metrics g µν (t), where now t is the parameter, along we want to consider the Ricci flow. The Ricci flow equation, introduced by Hamilton [28] , is a particular partial differential equation, which relates the change of the metric to the Ricci tensor R µν of the associated manifold:
Note that t here has mass dimensions −2 and it is different from the parameter τ parametrizing the Weyl rescaling in (4) . Notice also that t should not be confused with the physical time coordinate. Ricci flow implies that for positive Ricci curvature the manifold is contracting and for regions of negative curvature the manifold is extending. Of particular interest are the fixed pointsĝ µν (t) of the Ricci flow, namely those points, where the Ricci flow is ending. These fixed points satisfy ∂ ∂t g µν (t)| t=t = 0 .
Hence the Ricci tensor is zero at the fixed point of the Ricci flow:
From this equation we see that the fixed point of the Ricci flow is flat space-time with vanishing curvature and vanishing cosmological constant. On the other hand, as discussed in [26] , the metric with vanishing cosmological constant is at infinite Weyl distance in the space of all AdS metrics. This observation leads us to the following Ricci flow conjecture:
Conjecture A: Consider quantum gravity on a family of background metrics g µν (t) satisfying the Ricci flow equation (10) . There exists an infinite tower of states which become massless when following the flow towards a fixed pointĝ µν at infinite distance.
In general, the metric distance ∆ g (t,t) along the Ricci flow between t and the fix-point t is a function of t andt, which has to be determined for a given background metric. The associated tower of states is supposed to scale as
Typically for many examples the fix-pointt will be either att = +∞ ort = −∞. Note the tower of states can only appear when following the Ricci flow to the fixed point. The theory at the fixed point, like e.g. Minkowski space, does not necessarily contain an infinite tower of massless states, but it is typically part of a larger (higher dimensional) space-time. However in case of infinite distance, the fixed point theory can never be reached, which means that the transition from the theories along the flow to the fixed point theory is discontinuous.
Let us check this conjecture for the simple cases of Einstein spaces and in particular for (A)dS with non-zero cosmological constant. For that purpose let us calculate the evolution of the scalar curvature. It is easy to verify that, using (10) and the definition of the scalar curvature, the latter evolves as
For an AdS or dS space and more general for a d-dimensional Einstein space with
we find that Eq.(14) leads to the following simple Ricci flow equation for the cosmological constant:
It is obvious that the fixed point of the flow equation for the cosmological constant is at Λ = 0. The explicit solution to the above equation is
where Λ i is the cosmological constant at some initial time t i .
We see that |Λ(t)|, depending on its sign, approaches zero at t → ∞ or t → −∞. In particular for an initial AdS space with negative Λ i < 0, the Ricci flow ends at flat space at t → ∞ (fixed point of the Ricci flow) corresponding to an immortal Ricci soliton. If on the other side, Λ i > 0 is positive, the cosmological constant approaches zero and an initial dS space ends at a flat space at t → −∞ corresponding to a ancient Ricci soliton.
Note that, using the explicit AdS metric, the general Ricci flow equation (10) also immediately leads to the Ricci flow equation (16) for the cosmological constant.
On the other hand, for the path derived from the canonical Weyl rescalings (4), the cosmological constant evolves as a function of τ in the following way:
Comparing then (17) and (19), we find that the parameter t in the Ricci flow and the parameter τ in the canonical Weyl rescaling are both affine parameters of the same path in field space if they are related by the following reparametrization:
Since we are working in the regime τ ≥ 0, t − t i must be positive for AdS space and it must be negative for dS. 4 It should be noted that the relation (20) is generic for Einstein spaces. Indeed, let us consider an Einstein space with
Then the solution to the Ricci flow equation (10) is
In other words, it is just a Weyl rescaling of the initial metric. If the latter is parametrized as in (4), then (20) follows. We may also explicitly calculate the distance in field space of the AdS or dS, or more general of the Einstein space (15) to the flat space at t → ∞ or t → −∞ along the Ricci glow. Using the metric distance formula (1) for the Ricci solitons with cosmological constant satisfying (16) , we find that the metric distance ∆ g in field space is
Using the reparametrization eq.(20) between t and τ , this is nothing else than the distance with respect to Weyl rescalings, ∆ g = 2c √ d τ , and hence we see that the distances with respect to Weyl rescalings and along the Ricci flow agree with each other, namely they are both proportional to the Weyl rescaling parameter τ . In fact, here the Ricci flow and the Weyl rescaling are just reparametriziations of the same path. So this follows of course from the reparametrization invariance of the definition of ∆ g . In particular, the distance of an initial AdS space to the flat fixed point space is logarithmically divergent in Ricci flow parameter t or linearly divergent in Weyl rescaling parameter τ and therefore at infinite distance.
One may wonder if the above analysis is a peculiarity of Einstein manifolds. In the next section about strings we will consider another example of a non-Einstein homogeneous space, namely the so-called Nilmanifold of negative curvature, which will again flow to vanishing curvature. On the other hand for spaces M d with positive curvature, the manifold is contracting, and the point where ∂ ∂τ g µν (t) is zero is an unstable fixed point, which might be nevertheless at infinite distance away from any other point within the family of metrics g µν (t).
String theory (quantum gravity) realization
At the beginning of this section let us address the question, why the Ricci flow is a useful concept and provides sensible answers concerning the large distance discussion in string theory and in quantum gravity. For the moment let us consider purely geometrical backgrounds in string theory, given in terms of a background metric g µν (t), where for the moment we do not add any other background fields like the dilaton φ. Clearly, the Ricci flow is only non-trivial for curved, d-dimensional manifolds M d t with non-vanishing Ricci tensor. In case the Ricci flow has a fixed point at infinite distance -typically in the limit of vanishing curvaturethen the Ricci flow conjecture "correctly" states that these manifolds must be supplemented by an infinite tower of states in order to be consistent in string theory or quantum gravity. In a usual string theory embedding the curved manifolds M d t are only part of the total 10dimensional space time (see also below), and the change of the flow parameter t of M d t is correlated to a simultaneous change of another parameter in the remaining part of the total space.
As we will discuss, the formulation of the infinite distance conjecture using the Ricci flow provides a very good and geometric definition of the distance in the space of background metrics in terms of the scalar curvature of M d t . Even more, this definition of the distance can be nicely generalized for the case of adding other background fields, like the dilaton, via use of generalized gradient flows and their associated entropy functionals. A strong argument, why the distance along the Ricci flow is "superior" to the original generalized distance conjecture, is provided by backgrounds, which are consistent in string theory/quantum gravity without the necessity to add an additional tower of massless states. Consider for example a consistent string background of the form
where S 1 is a circle. Now sending the radius R of S 1 to very large values does not lead to a tower of states on M 10 . This theory is complete in quantum gravity as it stands. Only in the effective R 1,8 theory there is a tower of massless states in the limit of R → ∞, because the distance in the scalar fields space of the modulus R is infinite in the decompactification limit. However applying the original infinite distance arguments to the metric of R 1,8 × S 1 would lead to a misleading result, it would predict an infinite tower of states on the full space M 10 .
On the other hand, R 1,8 × S 1 being flat, it does not flow under the Ricci-flow, and therefore the Ricci-flow conjecture applied to M 10 leads to a correct result. 5 Furthermore using the Ricci flow, one realizes that the infinite distance conjecture has a close connection to renormalization group (RG) flow in the underlying 2-dimensional string σ model: Being non Ricci-flat, the curved manifolds M d t themselves do not satisfy the 2dimensional β-function equations for the metric. (Of course the total 10-dimensional space has to satisfy all 2-dimensional β-function equations.) Therefore the Ricci flow from curved spaces to their fixpoints is equivalent to consider the renormalization group (RG) flow from curved background spaces M d t towards the solutions of the β-function equations, which are just the CFT backgrounds in string theory with vanishing two-dimensional β-function: 6 E.g., the AdS space flows to flat space, which is at infinite distance and obviously solves the metric beta function equations. In general, the CFT fixed pointM d might be at infinite distance, and then the infinite distance conjecture is stating that the background M d t in the neighbourhood of the fixed point must be always accompanied by an infinite tower of states. In case of infinite distance the CFT fixed point can never be reached, which means that the transition to the CFT fixed point is discontinuous. However the CFT fixed point also can be at finite distance and then there is no tower of massless states. In this case the transition to the CFT fixed point is continuous. In the next section, we will provide an example of a flow to a CFT fixed point, which is at finite distance.
In case the fixed point is at infinite distance one has to ask what is the origin of the massless tower of states in string theory or in quantum gravity. One typical way to answer this question is to supplement the backgrounds M t (like AdS) with an extra space factor K t (like a sphere) which, when M t flows to flat space, typically flows to flat space, too. Then the KK modes of K t are the origin of the massless tower in the effective field theory of M t . So, typical string theory or M-theory examples, where the Ricci-flow argument applies, are of the form
The massless tower can however also have a different origin. The associated states can also correspond to tensionless strings with light string excitations (Regge modes), which become massless in the infinite distance limit, or also to wrapped tensionless strings and branes.
Another related question is if one can describe the infinite distance arguments via Ricci flow for the moduli space of Calabi-Yau manifolds. As already said before, for Ricci flat metrics like string compactifications on a Ricci-flat Calabi-Yau manifold or on a circle, there is no Ricci flow along the marginal directions at all. This is in agreement with our conjecture as the full ten-dimensional theory is consistent at all points in the Calabi-Yau moduli space. Only in an effective lower-dimensional description, where the internal Calabi-Yau manifold is not part of the (lower-dimensional) background metric, there is an infinite tower of massless states when going to an inifinite distance point in moduli space.
One way to bypass the situation that the Ricci-flow does not exist for marginal directions of Ricci-flat spaces, let us consider instead manifolds, where the Ricci-flat Calabi-Yau space is non-trivially fibred over some base, such that the total space has non-zero curvature. As we will show in the following, now the Calabi-Yau (Kähler) moduli will start to flow, and in this way one can test the Ricci-flow conjecture also for Calabi-Yau spaces. The prototype example of this kind is a d-dimensional spacetime of the form M d =M d−3 × N , where N is the Nilmanifold, namely the 3-dimensional twisted torus with metric
The Nilmanifold has negative curvature and can be viewed as a circle fibration over a torus. We will be mainly interested in the circle S 1 in the x 1 direction, whose radius, being proportional to r 1 = a, stays constant under the fibration. As we will see the Ricci-flow is non-trivial, it leads to a flow with respect to the radius r 1 , which ends at the infinite radius fixed point, where a → ∞ and the curvature of the Nilmanifold is vanishing. Specifically, for a = a(t) and b = b(t), the Ricci flow (10) is determined by the equations
where prime denotes derivative with respect to t. From the above equations we find that
In addition, the Ricci scalar
satisfies the equation
from where we get
Since we do not want to enter the regime of large curvature, we restrict the flow parameter to the regime t ≥ 0. At the end of the discussion we will also comment on the large curvature limit where t → 1/6R i . Therefore, from Eqs. (29) and (30) we get
Notice, that in this case, the Ricci flow is not simply a Weyl rescaling of the metric since the Nilmanifold is not an Einstein space. On the other hand, under the Weyl rescaling (4) on the initial metric with scalar curvature R i , the latter transforms aŝ
from where we find that 7
Then, from Eq.(1) we may calculate the distance ∆ g , which turns out to be
Note that points at infinite distance are at τ → ∞, which corresponds to t → ∞ At this point we have the behaviour
Therefore, we see that at t → ∞ the radius r 1 of the circle in the first direction becomes very large. The associated KK states with masses m KK ∼ 1/a = 1/r 1 become light and build an infinite tower massless states.
Here we can also ask what is possibly happening, if one takes the dual limit with τ → −∞, leading to t → 1/6R i , a → 0 and b → ∞. This limit corresponds to vanishing radius r 1 → 0. The corresponding light states could be identified with the string winding modes, i.e. fundamental strings wrapped around the circle in the first direction. They have masses of the order m F 1 ∼ a = r 1 . But this limit is not controllable, it corresponds to infinite curvature of the Nilmanifold and is also not a fixed point of the Ricci-flow. This is in agreement with the Ricci-flow conjecture which states that the massless tower of states appears in the controllable regime of general relativity at the fixed point of the Ricci-flow at weak curvature.
We can also try identify the x 1 direction with the S 1 of M-theory. From the tendimensional point of view the KK states, namely the D0-branes of the IIA string theory have masses
In the limit τ, t → ∞ with r 1 → ∞ and with zero curvature they become light and lead to an infinite tower of states. Again we can look at the dual limit with τ → −∞ in M-theory with vanishing radius r 1 → 0. In M-theory there are now light states, which are dual to the D0-branes, namely they correspond to IIA D6-branes wrapping the S 1 . From the ten-dimensional point of view, the corresponding tensions of the light D6-branes are then m D6 ∼ a 9/8 ∼ e 
7 Note that we compare here the transformation of the curvature scalar under rescalings with that of the curvature under the Ricci flow since the metric undergoes an anisotropic dilation. We could of course compare other geometric quantities like the volume for example, which is also rescaled under the Ricci flow.
Being not particles, it is however not clear in what sense these wrapped correspond to a tower of massless states. Again this is in agreement with the Ricci-flow conjecture.
Alternatively one could consider quantum gravity or strings on Calabi-Yau spacesX 6 equipped with a non-Ricci flat metric. Here one again expects a Ricci-flow of the complex metricX 6 towards the Ricci flat Calabi-Yau metric of X 6 , and the question is, if the fixed point of this flow is again accompanied by an infinite tower of massless states. Actually string compactifications on
were recently considered in [40] , where the associated SU (3) group structure ofX 6 is nontrivial and is not the same as the SU (3) group structure of its Ricci-flat relative X 6 . Since the 4D space M 4 is flat Minkowski space, one does not expect an infinite tower of states emerging at the endpoint of this flow. However this a priori is not an argument against our Ricciflow conjecture, since these SU(3) structures ofX 6 [41] [42] [43] have a non-vanishing and nonclosed three-form flux which needs to be supported by source terms in the associated Bianchi identity. Theses fluxes and the additional sources most likely do not allow a flow towards the Ricci-flat Calabi-Yau space, and hence the Ricci-flow argument cannot be invalidated by these spaces.
Entropy functionals and generalized distances
Let us recall that the Gibbons-Hawking entropy [45] is proportional to the area of the event horizon, namely
Subsequently S GH was interpreted as the dimension of the Hilbert space H in an observer's causal domain [47, 48] :
In the limit Λ → 0 this quantity becomes infinite. This observation was used in [20] to relate the refined de Sitter conjecture to the the entropy of tower of massless states, which appear at infinite distance in the limit Λ → 0. In this section we want to describe the distance via the entropy functionals of Perelman, which played an important role for the proof of the Poincare conjecture by Perelman.
As explained before (see eq.(8)) the distance ∆ is related to the (A)dS cosmological constant Λ in the following way:
For de Sitter space with Λ > 0, one gets that
Therefore the entropy becomes large in the large distance limit, which leads a large tower of light states. On the other hand, Λ is part of the effective string action, which is given as
Now, trading Λ by the scalar curvature plus the dilaton action, one could propose that the distance ∆ is given as
where V M is the d-dimensional volume. However as we will discuss in the following, the more useful definition of the distance is given in terms of generalized entropy functionals of the relevant gradient flow.
2.2.1
Distance for the Ricci flow in terms of the scalar curvature R
As discussed above, only considering the geometric distance (1) on the space of background metrics can lead to misleading results. There are simple examples of families of metrics which can be all used as backgrounds in a consistent quantum gravity theory without including an additional tower of light states, even in the infinite distance limit. For these examples it is only upon compactification that such a tower appears. However, taking into account only distances which are measured along the Ricci flow can cure this ambiguity. For this reason we would now like to use our previous results to go away from the geometric definition (1) and to propose alternative, more abstract distance measures. This will also allow us to accommodate for additional fields like the dilaton.
Let us first consider pure Einstein gravity and the corresponding Ricci-flow. Here we like to formulate the following distance conjecture for the Ricci flow:
Conjecture B1: For a d-dimensional Riemannian manifold, the distance ∆ R in the field space of the background metrics along the Ricci-flow is determined by the scalar curvature R(g). At R = 0 there is an infinite tower of additional massless states in quantum gravity.
Furthermore we propose an alternative definition for the distance to be used in the mass formula (13) , along the Ricci flow between an initial flow parameter t i and a final flow parameter t f :
Here R i and R f are the corresponding initial and final values of the scalar curvature. Note that we sometimes follow the flow backwards, e.g. t f < t i ; this is related to the additional sign in eq.(54). In the vicinity of the fixed point R f = 0 and assuming that R i is non-vanishing we can write this formula in the following simpler way:
Using this distance formula one expects a tower of massless states which scale in the infinite distance limit ∆ R → ∞, R → 0, as
We see that in general the flat space limit should be accompanied by an infinite number states. The flat space itself is infinitely far away from the curved manifolds along the flow, which means that the flat space never be reached. In other words the transition to flat space is discontinuous. In a certain sense, the associated entropy S ≃ e ∆ R of space-time in the flat space limit becomes infinite. In fact, that flat space has infinite entropy was already pointed out in [46] in the context of black hole entropy considerations.
Let us try to make contact between the definition of the distance ∆ R in (48) , which contains the curvature R, and the original metric distance ∆ g given in eq.(1). Assume there is a Ricci flow such that
for some constant k and with R the scalar curvature. Moreover, we also assume that R is constant over the manifold, i.e. it is only a function of the flow parameter t. This class of manifolds is a slight generalization of Einstein Manifolds and includes e.g. also the Nilmanifold.
Then (14) becomes
which can be straight forwardly integrated such that
We can now use (51) and the fact that R depends only on t to compute the distance ∆ g ,
For Einstein manifolds one has k = 2 d , and the three-dimensional Nilmanifold satisfies (51) with k = 6, which reproduces the discussion there. Hence for this class of manifolds one precisely obtains the advertized result in eq. (48) .
What about spaces with non-constant curvature R(t, x µ )? For this spaces the distance now is assumed to take the form
whereR(t) is the mean curvature.
In fact, for a flow which ends up at the fixed point, which is flat space withR(t f ) ≡ R(t f ) = 0, but whereR(t i ) = 0, we can still write the distance near the fixed point approximately as
and the distance to reach the fixed point at R(t f ) = 0 is indeed infinite.
Distance for the metric-dilaton flow in terms of the entropy functional F
Studying backgrounds which are more complicated than Einstein manifolds, where we have argued that the Ricci-flow gives a good distance measure, is only possible in the presence of additional fields. Hence, one should study more complicated flows and associated distance functionals. This is in general quite difficult, therefore we first want to include only the dilaton field. The relevant quantities, which are monotonic along the flow, are the entropy functionals of Perelman [29] . Note that these are slightly different from the effective string action -see also the comments at the end of this subsection. Using the notation of [29] , Perelman first considers the following entropy functional:
Actually, F(g, f ) and S eff are closely related quantities, and f basically plays the role of the dilaton φ in string theory, namely f = 2φ, with F being the string effective action in the string frame. The string coupling constant is then g 2 s = e f . Varying F while keeping the integral d d x √ −ge −f fixed, the combined metric-dilaton gradient flow is then determined by the following two differential equations:
In fact, after appropriate diffeomorphism, the above equations can be written as
In analogy to the case of the pure Ricci flow case considered before we now formulate the following second conjecture about the combined metric-dilaton flow:
Conjecture B2: For a d-dimensional Riemannian manifold, the distance ∆ F in the background field space along the combined dilaton-metric flow is determined by the entropy functional F(g, f ). At F = 0 there is an infinite tower of additional massless states in quantum gravity.
Furthermore we propose that the generalized distance between an initial flow parameter t i and a final flow parameter t f can be defined as follows:
Here F i and F f are the corresponding initial and final values for the entropy functional. In case F f → 0 is a fixed point of the flow equations, the tower of massless states should now scale in the infinite distance limit as
The distance ∆ F describes the total distance along the combined flow of metric-dilaton field. For constant dilaton, where we have only the Ricci flow of the metric, ∆ F becomes ∆ R ≃ log R, which is the correct distance for the metric. On the other hand, when one has only a flow of the dilaton, it is easy to see that ∆ F becomes
This is the correct distance for the string coupling constant. 8 Before we come to the combined flow, let us first consider the case, where we keep the metric fixed and only consider a flow in the dilaton field. The gradient flow then as follows from the variation of F with respect to f turns out to be
Using this equation, we find that the inverse of the string coupling g s = e f /2 satisfies the heat equation (after redefining t → 2t)
A simple solution of the heat equation in one spatial dimension is:
The fixed point is at t → +∞ where g s becomes very large, i.e. we deal with strong string coupling. This fixed point is at infinite distance, and the corresponding entropy functional F ≃ 4a 2 e 2x−2t ≃ g −2 s is vanishing at the fixed point. And the corresponding distance is indeed ∆ F ≃ log g s . Hence we expect a tower of massless states, when we approach the fixed point. Since this tower of states emerges at strong string coupling, it cannot be given in terms of perturbative string states, but the tower of states must be related to non-perturbative states like wrapped branes. As we will discuss in the next section, there is a dual infinite distance point with respect to Weyl rescaling at weak string coupling, where the tower of additional states corresponds to the excited string modes.
Now let us consider a combined flow of the metric-dilaton background. For a d-dimensional
Einstein space in particular, the metric is given by (22) and the solution for f of (59) is
(68)
Then, the value of F turns out to be
whereas the distance ∆ F is 8 That this is indeed the correct relation between the distance and the string coupling constant can be seen from the Weyl rescaling, which we discuss in the next chapter of the paper, and where we get that gs ≃ e cτ , where τ is the Weyl distance. Another argument, why the distance for the string coupling constant is like in (62) is provided by looking at the effective action for the string coupling constant, i.e. for the dilaton field φ = f /2:
So the canonically normalized field is indeed f = 2φ and according to the original distance conjecture the distance is ∆ ≃ φ = 2f ≃ log gs .
in accordance with (44) . So the infinite fixed point of the gradient flow is again at vanishing curvature and also at large f (t), which means that the flow ends at very large string coupling g s . This is a general feature of the flow since combining the two equations of (58) we find that e −f √ g = c 0 where c 0 is t-independent. Therefore, e f is small when √ g is small, i.e. at collapse, where the curvature is large, and is large at small curvature. However, there are also cases where fixed point solutions of the combined gradient flow are at finite distance. Let us consider for example the SL(2, R)/U (1) CFT with metric [30, 31] 
and dilaton f = −2 ln(cosh r).
It can easily be verified that (71) and (72) satisfy (58) if λ is
At the fixed point t → ∞, the solution above approaches
which is just the Witten cigar [32] . The F-functional on the other side,
is finite as t → ∞ and therefore the Witten cigar is at finite distance from the λ-deformed background.
Let us note at the end of this subsection that eqs. (58) are similar to the two-dimensional σ-model β-functions with dilaton φ = f /2, which are written as
where ℓ s is the string scale. Comparing eqs. (58) and (76), we see that
A final comment concerns the functional F. One could consider instead of F the string effective action S eff which is identical to F but without the constraint of fixed d d x √ g e −f . In this case, one gets instead
We see that when f is constant, the metric satisfies
which does not have even short time solutions as it implies a backward heat equation for the curvature scalar R [28] . Only the critical points of the flow generated by F and S eff are the same (provided ∆f = (∇f ) 2 ). In other words, it is the F that generates the flow and not the S eff . The latter cannot even generate a flow and just gives the critical points. Therefore, it is the functional F that is connected with the distance in field space and it is the one that we have considered here.
Distance for the Perelman flow in terms of the entropy functional W
In order to treat also the case of collapsing cycles, Perleman [29] also introduced another entropy functional. It substitutes the effective action by the following expression
under the constraint
(81)
Notice that we use λ instead of τ which is usually used in the literature as τ has already been reserved. Here f again corresponds to the dilaton and λ is a rescaling factor, which is e.g. closely related to the Weyl rescaling. The new term f e −f together with the λ factor have the effect that the flow of the metric tensor is entirely determined by the Ricci tensor, as it is the case for the original Ricci-flow. In total, the variation of the functional W(g, f, λ) leads to the following set of flow equations (after an appropriate diffeomorphism [29] ):
This eventually leads us to the following third conjecture about the Perelman flow and the generalized distance conjecture.
Conjecture B3: For a d-dimensional Riemannian manifold, the distance ∆ W in the background field space along the Perelman flow is determined by the entropy functional W(g, f, λ). At W = 0 there is an infinite tower of additional massless states in quantum gravity.
In analogy to the two cases considered before, we propose that the distance in field space along the Perelman flow can be defined as follows:
Here W i and W f are the corresponding initial and final values for the entropy functional. In case the limit W f → 0 is a fixed point of the flow equations, the tower of massless states should now scale in the infinite distance limit as
For a d-dimensional Einstein space we find now that
and Perelman's entropy functional W turns out to be
As an explicit example, let us consider an SO(2) symmetric 2D space with
The corresponding equations for a and f are explicitly written as
Remarkably, although the above system of equations look quite complicated, there is a simple solution which is
For t = const., one immediately recognizes the Witten cigar solution. In order to find ∆ W , we need the value of Perelman's entropy (80). The latter, using (89) and (90) turns out to be
so that
Notice that W ∼ −t at t → ∞ (at fixed r) so that, according to the conjecture B3, an infinite tower of additional massless states should appear in the spectrum.
The Weyl distance in effective field theories
Let us consider a d-dimensional effective action which contains local operators O i (g µν , x) with corresponding coupling constants g i of the following form:
In general the operators O i (g µν , x) will transform non-trivially under Weyl rescalings (4):
The coupling constants g i are usually inert under the Weyl rescalings of the metric. However, on the other hand, consider the case where we replace the operators by some constant, non-vanishing vacuum expectation values:
Therefore let us now consider the Weyl flow (or also the Ricci) flow, keeping the operator O i (g µν , x) constant under the flow. If we require that the product 1 g 2 i O i still transforms the same under Weyl rescalings as before, we now have to demand that the coupling constants transform non-trivially under Weyl rescalings as
First consider the infinite distance with respect to Weyl rescalings in the direction τ → +∞ for c ′ > 0. For c ′ < 0, we should consider the τ → −∞ instead. It then follows that there exist an associated tower of states with masses m i being proportional to some power of the parameter g i :
Alternatively we can also consider the flow in the direction τ → −∞. Now the infinite tower of states should be associated with the inverse (dual) coupling constant, i.e. one gets that the mass of the tower scales as
Which of the two directions, τ → +∞ or τ → −∞, leads to an infinite tower of massless states depends on the microscopic details of the quantum gravity resp. string theory. In case there is a strong-weak coupling self-duality one expects that both directions lead to an infinite tower of states. Let us give some examples. First consider the 4-dimensional gauge kinetic term for a U (1) gauge symmetry:
As it is believed from the weak gravity conjecture, the limit g U (1) → 0 is accompanied by a tower of infinitely many light states, and hence is at infinite distance. This behaviour of the is confirmed in string theory by knowing that g U (1) is a field dependent quantity, given in terms of the moduli of the internal, compact space. Then in particular the tower of KK or winding modes provides the infinite distance behaviour of g U (1) , as it can be explicitly checked by computing one-loop threshold corrections to the gauge coupling constants. Let us emphasize that here we argue that the infinite distance behaviour of g U (1) already entirely follows from the four-dimensional action, namely from the Weyl rescalings (96) of the four-dimensional metric g µν . In fact it is well-known that the 4D U (1) action (99) is invariant under Weyl invariant, and the operator F 2 transform under Weyl rescalings as
Hence following the previous argument, we should keep the F 2 invariant under the Weyl rescaling giving the appropriate Wel weight to the coupling instead. Therefore, we conclude that the U (1) gauge coupling behaves as
Therefore, there is an infinite tower of states with masses that scale as
which become massless in the τ → −∞ limit. As a remark, one could also could consider the opposite scale limit with τ → ∞. The inverse gauge coupling 1/g U (1) goes to zero at infinite distance, which corresponds to the magnetic version of the weak gravity conjecture.
Next consider a four-dimensional effective action with higher curvature term:
Here the term R n denotes all possible combinations of contractions of the Riemann tensor. Under Weyl rescalings R n transforms as:
Hence we require thatg 2 n = e 2nτ g 2 n .
This implies that at weak coupling g n → 0, there is an infinite tower of states of the form
Therefore the Weyl distance conjecture implies just from effective field theory considerations that the limit g n → 0 is at infinite distance and therefore it is not possible in string theory or more generally in quantum gravity to discard the infinite higher curvature terms in the effective action. We can also apply this procedure to Einstein gravity itself. Using the standard Einstein action we see that the Planck mass has to scale under Weyl rescalings as
Now consider the infinite distance limit τ → −∞. It follows that large Planck masses, i.e. sending M p → ∞, is accompanied by a tower of massless states:
Indeed this behaviour is seen via the following (4D) relation
and the limit of large M p is obtained at weak string coupling, i.e. g s → 0. Since in the string frame the masses of the string excitations scale like m ≃ g s M s ≃ M 2 s /M p , one indeed expects that the tower of string excitations becomes massless in the tensionless string limit.
There is also a dual infinite distance limit τ → ∞. In this limit the Planck mass becomes very small, i.e. M p → 0, and we expect a tower of states like
Actually the limit M p → 0 is the limit of very strong gravitational force, which according to the weak gravity conjecture should be indeed at infinite distance. In string theory, using the relation (109), the limit of small M p is obtained at strong string coupling, i.e. g s → ∞. This limit corresponds to a dilaton flow to large values, i.e. φ(t) → ∞, which we discussed in the last section on generalized flow equations. We can also use the relation (109) to derive the scaling behaviour of the (4D) string coupling constant:g
So we see that the weak (strong) coupling limit is at infinite distance, when τ → −∞ (τ → ∞) and the distance is given as ∆ gs ≃ τ ≃ log g s , in agreement with the distance ∆ F in (62).
4 The (A)dS distance conjecture from the higher curvature R 2 theory (A)dS background
Now consider the 4-dimensional, quadratic R 2 action of the form
where R is the Ricci scalar. As it was explained in [49] , in a flat background withR = 0 the pure R 2 action does not propagate a physical mass spin-two graviton state. However the situation changes if one considers the R 2 theory in an (A)dS background with a non-vanishing background metric, i.e.R = 0 .
In this case scale invariance of the R 2 action is spontaneously broken, and it follows that the corresponding coupling constant transforms under Weyl rescalings as
This implies the existence of an infinite tower of states associated to R 2 coupling:
As we will now show, the infinite distance behaviour of the R 2 with coupling constant g R 2 is equivalent to the infinite distance conjecture (ADS conjecture) of the cosmological constant. For that recall that the pure R 2 theory describes a massless scalar field, coupled to standard Einstein gravity with a massless spin-two graviton plus a cosmological constant Λ. To see observe that the action eq.(112) can equivalently be written as
The dimension 2 scalar field Φ plays the role of a Lagrange multiplier and arises in this conformal (Jordan) frame without space-time derivatives. Through its equation of motion Φ is proportional to the background scalar curvatureR:
.
(117)
Performing a conformal transformation
the action (116) can be written as
We see that the cosmological constant is given
We have in particular:
(i) de Sitter backgrounds:
In this case Φ is positive and this class of solutions of the R 2 theory describes de Sitter like backgrounds with positive cosmological constant Λ in the Einstein frame. Both the signs of the Einstein term as well as of the scalar kinetic term in the Einstein action (119) are such that the spin-2 graviton as well as the scalar field Φ are physical, ghost-free degrees of freedom.
(ii) anti-de Sitter backgrounds:
Φ is again positive. Now this class of solutions of the R 2 theory describes anti-de Sitter like backgrounds with negative cosmological constant Λ in the Einstein frame. Again the spin two graviton as well as the scalar field Φ are physical, ghost-free degrees of freedom. Since in eq.(120) the cosmological constant is given in terms of the coupling constant g R 2 , it immediately follows that the AdS distance conjecture is directly inherited from the R 2 distance conjecture, i.e. there is a infinite tower of light states in the limit Λ → 0, which scales as
In other words, the derivation of the AdS distance conjecture in [26] completely agrees with the higher R 2 distance conjecture, introduced in this paper.
We can extend the previous discussion by adding the standard Einstein term to the R 2 action, which was already considered in [50] :
The ghost-free spectrum of the theory contains one massless spin-2 (the standard graviton), plus a massive scalar, whose mass is determined by the dimensional coupling constant as
This can be seen by again introducing a Lagrange multiplier t, one can replace the R 2 term with, 2tR − g 2 R 2 M 2 p t 2 , which after the t equation of motion, t = R/M 2 p g 2 R 2 , reproduces the initial R 2 term. Thus the action can be written in an equivalent way in terms of the scalar field t:
In this Jordan frame, t looks like a non-propagating field. This however is an illusion of this frame. Performing a rescaling of the metric in order to obtain a canonical Einstein term,
the action takes the form:
where in the second equation above we introduced the canonically normalized scalar field φ,
Therefore in the R + R 2 theory (when written in the Einstein frame), the canonically normalized scalar field φ possesses the very special Starobisky [50] potential:
Notice that the potential is semi-positive definite as soon as g 2 R 2 > 0. For large positive values of φ, V asymptotes to a cosmological "constant", while for large negative values the potential grows exponentially. The Minkowski ground state is at φ = 0, where the potential vanishes and the scalar field acquires a mass as given in eq.(125). On the other hand for large positive values of φ, the vacuum is described by an approximate de Sitter space with cosmological constant
Therefore the scalar mass (125) at the Minkowski ground state and the cosmological constant are related as follows:
Furthermore we also see that the asymptotic de Sitter state and the Minkowski ground state are at infinite distance between each other. Furthermore the limits Λ → 0 as well as the limit of vanising scalar mass m → 0 are at infinite distance in the four-dimensional metric space.
5 The spin-two distance conjecture from the higher curvature W 2 theory
Flat background
Let us consider the quadratic Weyl action
Since we have the identity
we may write
where GB is the Gauss-Bonnet scalar
Since the integral of the latter is simply 32π 2 χ where χ is the Euler number and it is the topological invariant, we may express (133) as
Under Weyl rescalings the quadratic W 2 transform as
This again implies the existence of an infinite tower of states associated to W 2 coupling:
Now let us recall that the Weyl-square action is equivalent to the standard Einstein action plus a massive spin-two field w µν given by the following two-derivative action [51, 52, 54] :
Here G µν = R µν − 1/2R g µν is the Einstein-tensor constructed from the metric g µν and the last term is a mass term for the second metric w µν . This action contains a massless spintwo field g µν plus a massive spin-two field w µν . Note that the two-derivative kinetic term for w µν is hidden in the coupling G µν (g)w µν , which can be seen by performing two partial integrations on this term. However after the partial integrations the kinetic term for w µν has the wrong sign, i.e. w µν is a ghost-like field. The mass of spin-two field w µν in eq.(140) is given as
Since the coupling constant g W 2 exhibits the infinite distance behaviour as shown eq.(139), it follows that there is a infinite tower of light states in the limit M W → 0, which again scales as
Hence this agrees with spin-two swampland conjecture, which was first formulated in [27] .
(A)dS background
Let us now consider the Weyl-square theory in a curved dS or AdS background and also relate the infinite distance conjecture to the Higuchi bound for higher-spin fields in de Sitter space. The equations of motion for the Weyl theory are written as
where B µν is the Bach tensor, defined as
Under conformal transformation of the metric
it transforms homogeneously as
The Bach tensor is symmetric, traceless due to conformal invariance and due to diff. invariance, it is also divergence-free
The field equations for Weyl gravity can also be written as
It is easy to verify that Einstein spaces (R µν = Λg µν ) satisfy the field equation (148). Therefore, one such solution is dS space with
This solution describes a spontaneous breaking of local scale invariance of the Weyl-square theory.
We can now expand the Weyl action (137) around the dS vacuum. At quadratic order in h µν = g µν −ḡ µν , whereḡ is the background de Sitter metric and in the transverse-traceless gauge
we find
The equation obeyed by the spin-2 fluctuations are then
We can write the above equation as
Therefore there are two solutions to the above equation, namely
The first equation (154) describes a massless helicity-2 state in de Sitter, whereas the second one (155) describes a partially massless spin-2 state of mass m 2 = 2H 2 . However, one of these states is a ghost. This can also be confirmed by the quadratic action (151). Indeed, let us write the action (151) as
Introducing a Lagrange multiplier tensor field w µν we may write (156) as follows
Defining now new fieldsh
we may express (157) as
Therefore, we see that we have a massless helicity-2 state described byh µν and a partially massless spin-2 ghost statew µν of mass, which precisely satisfies the Higuchi bound:
Once again we see that the simultaneous limit M W , H → 0 is at infinite distance with respect to the Weyl rescalings of the four-dimensional metric.
Infinite distance and the Higuchi bound from the Einstein-W 2 theory
Let us consider now the Einstein-Weyl 2 theory
This theory can be considered as a massive Weyl 2 theory [53, 54] as the conformal invariance of the Weyl action is broken both by the Einstein term and the cosmological constant Λ. In order the theory to admit the dS solution (149), we choose Λ = 3H 2 . Then the theory (161) has as vacuum solution the dS spacetime with
Notice that the Einstein term and the cosmological term removes the degeneracy of the conformal Weyl theory, solutions of which are whole conformal classes, i.e., spacetimes that are conformally related to each other. Expanding now (161) at quadratic order in h µν = g µν −ḡ µν we find that
which, equivalently can be written as
The infinite distance behaviour with respect to Weyl rescaing of the external metric is often related to infinite distance in internal space, such that extra dimensions are opening up in the infinite distance limit. This is in fact well for the U (1) gauge coupling constants, where threshold effects from the internal KK modes provide in infinite contribution to the inverse gauge coupling in the decompatification limit. Concerning the AdS distance conjecture the limit of Λ → 0 is also accompanied by a tower of massless states from an extra compact space [26] , as it is true for the KK modes in the well-known AdS d × S d ′ superstring vacua.
Here we want to investigate in more detail the infinite distance behaviour of the Weylsquare coupling g W 2 . As will we discuss, one-loop threshold corrections to the W 2 -action provide contributions to 1/g 2 W 2 which become very large in the decompactification limit of the internal compact space. Therefore at one-loop level g W 2 goes to zero, when summing over an infinite number of light KK states. This behaviour is consistent with the proposal that coupling constants are emergent, i.e. go to zero at the boundary of the moduli space, assuming that we can neglect a tree level contribution.
The best-known examples of threshold corrections to the Weyl-square coupling g W 2 are provided by N = 2 heterotic or type II string vacua. Here the N = 2 BPS states play an important role in the computation of the one-loop threshold corrections. The N = 2 gauge couplings are given in terms of the N = 2 prepotential. Moreover in N = 2 supergravity the W 2 action resided in the square of the chiral Weyl superfield. Its coupling to the abelian vector multiplets is governed by a holomorphic function F grav , which at one loop is related to the topological string partition function [55, 56] , and whose real part, up to some nonholomorphic corrections is just the Weyl-square coupling g W 2 , i.e. g W 2 = ℜ(F grav ) + . . . .
Typically F grav diverges at the boundary of the moduli space due to the sum over an infinite number of light states. Consider e.g. the heterotic string on K 3 × T 2 , where the twotorus is described by the standard moduli fields T and U . In addition S denotes the heterotic dilaton. Then summing over the N = 2 BPS states, namely KK and winding modes, the holomorphic function F grav is given by the following expression (see e.g. [57] ):
where b grav = 46 + 2(n H − n V ). In the large moduli limit, the Dedekind η function behaves like η(T ) → e −iπT /12 . It follows that lim T →∞
So we see that for large T and large U , 1/g 2 W 2 diverges, in agreement with the observation that this limit is at large distance in the internal T 2 moduli space.
Let us mention at the end of this section that the topological string partition function F grav seems to be closely related to the entropy functional F, which we discussed in section 2.2.2. Using S ≃ 1/g 2 s and T ≃ iR 2 , F grav becomes F grav ≃ 1 g 2 s + bgrav 48π R 2 . Therefore 1/F grav → 0 at weak string coupling or for large radius and the distance ∆ ≃ log F grav becomes infinite in this limit.
Summary
In the first part of the paper we were discussing a close relation between the infinite distance conjecture in the context of the swampland hypothesis in quantum gravity and the geometric Ricci flow equations. One of the main points of the paper is the conjecture that fixed points of the Ricci flow that appear at infinite distance in the space of backgrounds metrics have to be accompanied by an infinite tower of massless states. Generically the considered infinite distance fixed points belong to Ricci flows from a non-flat space towards their corresponding flat-space limit. Since the non-flat spaces need an additional tower of extra states in addition to their zero modes, they typically belong to the swampland, as long as they are not augmented by an extra space factor. Note that the transition to the end point of the flow is somehow discontinuous, since the background at the end point normally has no infinite tower of states.
As mentioned before in the literature, the Ricci flow is closely related to the RG flow with respect to the energy scale in the underlying two-dimensional non-linear σ-models. Hence this connection, when flowing from off-shell string backgrounds towards the on-shell zeroes of the two-dimensional β-functions, provides an interesting connection between RG and the swampland idea. This kind of connection was also recently noted in [39] .
The tower of massless states, which appear at the infinite distance fixed points of the Ricci flow, can often be identified with the KK modes or other states of the extra space-factor that is needed in order to get a consistent string background. Moreover, the Ricci-flow as well as the more generalized gradient flows also provide very useful entropy functionals, denoted by F and W, which themselves lead to sensible definitions for the related distances in field space. These entropy functionals should be closely related to the degeneracy of the tower of states, which appear in the infinite distance limit. It is then tempting to speculate that these entropy functionals together with their associated tower of light or massless states are in very close relation with the micro states in quantum gravity, in particular for backgrounds with horizons, like for de Sitter space.
Moreover, it would be very interesting to see if there is a possible relation between the tower of states in the context of the infinite distance conjecture to the soft graviton modes and their associated asymptotic symmetry groups on the horizon of these backgrounds. For finite horizon, the BMS-like modes should be massive, but in the infinite distance limit of small cosmological constant or of small curvature, the horizon should approach null infinity and the massive modes become massless, just like the massless soft graviton modes. So in the flat space limit, these modes could possibly become the standard massless soft graviton modes of the infinite BMS symmetry group at null infinity. But to understand how the BMS modes get a mass, when space is curved, is crucial, and furthermore one has to understand why the massive soft modes on the finite horizon scale in the same way as the tower of modes in the context of the large distance conjecture. This possible complementary explanation of the tower is analogous to the way when one tries to explain the microscopic degrees of freedom of a (Schwarzschild) black hole in terms of BMS-like modes -see e.g. [46, [58] [59] [60] [61] [62] [63] . For this we refer to some possible future work in progress [64] .
In the second part of the paper we considered the generalized distance conjecture for the couplings of the higher curvature interactions. We saw that the weak coupling limit is at infinite distance with respect to Weyl rescalings, and hence this limit should be accompanied by an infinite tower of massless states. For the quadratic Weyl-square theory this result agrees with the swampland spin-two conjecture and for the R 2 we rederive the (A)dS distance conjecture in this way.
In general the infinite distance conjecture applied to higher curvature theories shows that the limit, when one turns off the higher derivative couplings, belongs to the swampland. This confirms the general point of view that quantum gravity is only consistent when including an infinite number of higher curvature terms in the effective action.
